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An existence theorem is derived for a system of kinetic equations describing the
evolution of a gas in a radiation field from a kinetic point of view. The geome-
trical setting is the slab and given indata. The photons ingoing distribution
functions are Dirac measures.
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INTRODUCTION

The evolution of a gas interacting with a radiation field is a subject of
interest in astrophysics and the study of laboratory plasmas. The main
models used so far are the radiative transfer equation for the photons
distribution function, coupled with fluid equations describing the evolution
of the gas. (1–3) However, many astrophysical and laboratory plasmas show
deviations from local thermodynamic equilibrium, which also requires a
kinetic setting for the gas. Kinetic models have been derived in refs. 4 and 5.
In the frame of radiation gas dynamics, Burgers (6) provides a simplified
kinetic model for the interaction of a gas with a radiation field. Gas mole-
cules with only one excited energy level are considered, together with
photons at a single frequency. This is certainly a simplifying assumption,
but in many cases (refs. 2 and 7) it is a good approximation. This model is
improved in ref. 8 by using the genuine Boltzmann collision operators
instead of the BGK collision operators from ref. 6 in the equations for the
gas molecules. A remarkable feature of such a model is that Planck’s law of
radiation is recovered selfconsistently, under thermodynamical equilibrium



conditions. Moreover, a H-theorem is formally obtained. In this paper,
a theorem of existence of a solution to this kinetic model is derived in the
slab, when only elastic collisions within gas molecules are taken into
account, for given indata on the boundary. Making use of the emission of
the photons in beams perpendicular to the walls, a supplementary simplifi-
cation is introduced in the model. On the mathematical side, what is new
compared to the DiPerna and Lions result for the Boltzmann equation is
the coupling between gas molecules and photons. The first ones are fer-
mions, which allows L1 renormalized solutions. The second ones are
bosons, which only allows a measure setting for the photons distribution
function. Theorem 1.1 states the existence of photons distribution functions
that are measures in the velocity variable.

1. THE MODEL AND THE MAIN RESULT

Let a gas of material particles of mass m endowed with only two
internal energy levels E1 and E2, with E1 < E2. Denote by A1 and A2 par-
ticles A at the fundamental level 1 and the excited level 2 respectively, and
by f(t, x, v) and g(t, x, v) their distribution functions. The time variable t
belongs to a given interval [0, T], the space variable x to the slab [0, 1]
and the velocity variable v to R3. A radiation field of photons p at a fixed
frequency n=DE

h , with DE=E2 −E1 and h the Planck constant, interacts
with the gas. The gas particles are assumed to interact elastically among
themselves. The interactions between the gas molecules and the photons
are, classically, of three types,

Absorption, A1+pQ A2,

Spontaneous emission, A2 Q A1+p,

Stimulated emission, A2+pQ A1+2p.

Let cW, where W ¥ S2 and c is the speed of the light, be the photon veloci-
ties, h their angle with the x-axis and Ĩ(t, x, W) the photons distribution
function. Denote by I(t, x, W)=chnĨ(t, x, W) the specific intensity. Let b12,
a21 and b21 be the Einstein coefficients. Following refs. 5 and 6, the evolu-
tionary equation for I(t, x, W) is given by

1
c
It+cos hIx=hn 5(a21+b21I) F g dv−b12I F f dv6 . (1.1)

Since b12=b21, the subscripts of the Einstein coefficients can be dropped.
Denote by t the first component of the velocity vector v. The Boltzmann
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equations for the two particle species A1 and A2 can be classically written
as

ft+tfx=g F (a+bI) dh−bf F I dh

+F
R
3×S2

S(v, vg, w)(fŒf −g −ffg) dvg dw

+F
R
3×S2

S(v, vg, w)(fŒg −g −fgg) dvg dw, (1.2)

where S is a given collision kernel,

fŒ=f(t, x, vŒ), f −g=f(t, x, v −g), fg=f(t, x, vg),

vŒ=v−(v−vg, w) w, v −g=v+(v−vg, w) w,

and

gt+tgx=−g F (a+bI) dh+bf F I dh

+F S(v, vg, w)(gŒg −g −ggg) dvg dw

+F S(v, vg, w)(f −ggŒ−fg g) dvg dw. (1.3)

The physical conditions considered here are characterized by the following
inequalities,

kBT° mc2, DE° c=8mkBT
p

, (1.4)

where kB is the Boltzmann constant and T the temperature of the gas. The
first inequality implies that the relativistic effects can be neglected. Conse-
quently, the velocities of the gas molecules do not exceed in modulus E2 c, for
some positive number E smaller than 1. Hence, the collision kernels S and
SŒ are assumed to vanish for |v| or |vg | or |vŒ| or |v

−

g | bigger than
E

2 c. More-
over, S and SŒ are bounded and measurable positive functions having the
usual symmetries of collision kernels. A further restriction on S is that
S(v, vg, w)
|t−tg |

, (resp. S(v, vg, w)
|t −−t −g |

) is assumed to be bounded for small |t−tg |, (resp.
small |tŒ−t −g |). The second inequality in (1.4) guarantees that the photon
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momentum is much smaller than the mean thermal momentum of the gas,
so that any exchange of momentum between photons and molecules can be
neglected. Initial conditions fi, gi and Ii are given for every distribution
function,

f(0, x, v)=fi(x, v), g(0, x, v)=gi(x, v), I(0, x, h)=Ii(x, h). (1.5)

The boundary conditions for the gas particles are given indata, i.e.,

f(t, 0, v)=f0(t, v), t > 0, f(t, 1, v)=f1(t, v), t < 0,

g(t, 0, v)=g0(t, v), t > 0, g(t, 1, v)=g1(t, v), t < 0.
(1.6)

The photons are emitted at the boundaries in beams perpendicular to the
walls, i.e.,

I(t, 0, h)=I0dh=0, cos h > 0 I(t, 1, h)=I1dh=p, cos h < 0, (1.7)

where I0 and I1 are nonnegative constants. Because of this strong light
source, directed along the x-axis, there is much higher intensity in this
direction. Making use if this, it is assumed that the stimulated emission for
|cos h| < E is negligible compared to the stimulated emission in the other
directions. Only stimulated emission and not also spontaneous emission or
absorption are negligible for |cos h| < E, since a supplementary photon is
emitted from a stimulated emission with the help of a primary photon
hitting a molecule of gas. This is not required for spontaneous emission
nor absorption. And so, instead of (1.1)–(1.3), the distribution functions
(f, g, I) is assumed to satisfy

1
c
It+cos hIx=hn 5(a+bI) F g(v) dv−bI F f(v) dv6 , |cos h| > E, (1.8)

1
c
It+cos hIx=hn 5a F g(v) dv−bI F f(v) dv6 , |cos h| [ E, (1.9)

ft+tfx=1F a dh+F
|cos h| > E

bI dh2 g−bf F I dh

+Q(f, f)+Q1(f, g), (1.10)

gt+tgx=−1F a dh+F
|cos h| > E

bI dh2 g+bf F I dh

+Q(g, g)+Q2(f, g), (1.11)
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where

Q(f, f) :=Q+(f, f)−Q−(f, f),

Q+(f, f)(v) :=F
R
3×S2

SfŒf −g dvg dw,

Q−(f, f)(v) :=f(v) F
R
3×S2

Sfg dvg dw,

Q1(f, g)(v) :=F
R
3×S2

S(fŒg −g −fgg) dvg dw,

Q2(f, g)(v) :=F
R
3×S2

S(f −ggŒ−fg g) dvg dw.

The formal passage in (1.8)–(1.11) when E Q 0 results in model (1.1)–(1.3),
since then (1.9) disappears and (1.8) becomes (1.1). For the sake of sim-
plicity, the terms Q1 and Q2 will be skipped in the rest of the paper. Using
that A1 and A2 are mechanically the same, the following existence theorem
would also hold with them, with minor adaptations of the proof. More-
over, the constants hn, a and b do not play any role on the mathematical
level. It is why they are taken as 1 in the rest of the paper.

Definition 1.1. (f, g, I) is called a solution to (1.5)–(1.11) in
iterated integral form if

(f, g, I) ¥ C+([0, T], L1((0, 1)×V))×C+([0, T], L1((0, 1)×V))

×L1((0, T)×(0, 1), M[0, 2p]),

I satisfies (1.5), (1.7)–(1.9) in weak form with test functions in
C1([0, T]×[0, 1]×[0, 2p]), compactly supported in [0, T[×[0, 1]×
[0, 2p], Q ±(f, f)( · , x, v) and Q ±(g, g)( · , x, v) belong to L1(0, T) for a.a.
(x, v) ¥ (0, 1)×V, and for a.a. t ¥ (0, T),

F
(x, v); (x+tt, v) ¥ (0, 1)×V

(fÄj)(t, x, v) dx dv

=F
(x, v); (x+tt, v) ¥ (0, 1)×V, t > 0

1 (fÄj)10K −
x
t
, x, v2

+F
t > 0

F
t

0K − x
t

1fÄ “j
“s

+1g 12p+F
|cos h| > E

I dh2−f F I dh+Q(f, f)2
Ä

j2

×(s, x, v) ds2 dx dv

Evolution of a Gas in a Radiation Field 593



+F
(x, v); (x+tt, v) ¥ (0, 1)×V, t < 0

1 (fÄj)10K1−x
t

, x, v2

+F
t < 0

F
t

0K 1−x
t

1fÄ “j
“s

+1g 12p+F
|cos h| > E

I dh2−f F I dh+Q(f, f)2
Ä

j2

×(s, x, v) ds2 dx dv,

F
(x, v); (x+tt, v) ¥ (0, 1)×V

(gÄk)(t, x, v) dx dv

=F
(x, v); (x+tt, v) ¥ (0, 1)×V, t > 0

1 (gÄk)10K −
x
t
, x, v2

+F
t > 0

F
t

0K− x
t

1gÄ “k
“s

+1 −g 12p+F
|cos h| > E

I dh2+f F I dh+Q(g, g)2
Ä

k2

×(s, x, v) ds2 dx dv

+F
(x, v); (x+tt, v) ¥ (0, 1)×V, t < 0

1 (gÄk)10K1−x
t

, x, v2

+F
t < 0

F
t

0K 1−x
t

1gÄ “k
“s

+1 −g 12p+F
|cos h| > E

I dh2+f F I dh+Q(g, g)2
Ä

k2

×(s, x, v) ds2 dx dv,

for any test functions j and k such that j( · , x, v) ¥ C1([0, T]), k( · , x, v)
¥ C1([0, T]) for a.a. (x, v) ¥ (0, 1)×V, and (j, k) ¥ (C1([0, T]; L.((0, 1)
×V)))2.

Here, aKb (resp. aNb) denotes the maximum (resp. the minimum) of a
and b, V :={v ¥ R3; |v| [ E

2 c} andM[0, 2p] is the set of bounded measures in
the h variable belonging to [0, 2p]. Moreover, fÄ(t, x, v) :=f(t, x+tt, v)
denotes the value of f along the characteristics (t, x+tt, v). Denote by
|f|t (x, v) :=supesss [ t fÄ(s, x, v). For any distribution function f, denote
by the corresponding capital letter F its density function defined by
F(t, x) :=> f(t, x, v) dv.

Remarks. For t > 0, (fÄj)(0K − x
t
, x, v) is either fi(x, v) j(0, x, v)

or f0(−
x
t
, v) j(− x

t
, x, v), and for t < 0, (fÄj)(0K 1−x

t
, x, v) is either

fi(x, v) j(0, x, v) or f1(
1−x
t
, v) j(1−x

t
, x, v), which are known values.
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As shown in ref. 9, being a solution to (1.5)–(1.11) in iterated integral
form is equivalent to be a solution to (1.5)–(1.11) in mild form.

The main result of this paper is the following.

Theorem 1.1. Let T > 0 be given. Assume that fi, gi, Ii, f0, f1, g0

and g1 are non negative functions satisfying

F [fi(1+ln fi)+gi(1+ln gi)] dx dv

+F
T

0
F
t > 0

t(1+ln f0) f0(s, v) ds dv+F
T

0
F
t > 0

t(1+ln g0) g0(s, v) ds dv

+F
T

0
F
t < 0

|t| (1+ln f1) f1(s, v) ds dv

+F
T

0
F
t < 0

|t| (1+ln g1) g1(s, v) ds dv+F Ii dx dh

+ sup
(t, x) ¥ (0, T)×(0, 1)

F
|cos h| > E, 0 < x−tc cos h < 1

Ii(x−tc cos h, h) dh < ci. (1.12)

Then there is a solution (f, g, I) in iterated integral form of (1.5)–(1.11).

Here, and in the following, ci denotes constants only depending on the
initial data fi, gi, Ii, the given indata f0, f1, g0 and g1, and the given con-
stants I0 and I1.

A priori bounds. Solutions (f, g, I) to (1.5)–(1.11) satisfy the
following a priori bounds, describing the conservation of energy and the
decrease of entropy with time. Multiplying (1.10) by v2+E1, (1.11) by
v2+E2, integrating the sum on (0, t)×(0, 1)×V, adding it to (1.8)
integrated on (0, t)×(0, 1)×{|cos h| > E}, then to (1.9) integrated on
(0, t)×(0, 1)×{|cos h| < E}, and using that E2 −E1=hn, formally leads to
the conservation of energy

F [(v2+E1) f(t, x, v)+(v2+E2) g(t, x, v)] dx dv+
1
c
F I(t, x, h) dx dh

+F
t

0
F
t < 0

|t| [(v2+E1) f+(v2+E2) g](s, 0, v) dv ds

+F
t

0
F
t > 0

t[(v2+E1) f+(v2+E2) g](s, 1, v) dv ds
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=F [(v2+E1) fi(x, v)+(v2+E2) gi(x, v)] dx dv+
1
c
F Ii(x, h) dx dh

+F
t

0
F
t > 0

t[(v2+E1) f0+(v2+E2) g0](s, v) dv ds

+F
t

0
F
t < 0

|t| [(v2+E1) f1+(v2+E2) g1](s, v) dv ds+(I0+I1) t. (1.13)

For any set Y, denote by qY the characteristic function of Y. Multiplying
(1.10), (1.11), (1.8) and (1.9) by ln f, ln g, q|cos h| > E ln

I
1+I and q|cos h| < E ln I

respectively, integrating the two first resulting equations on (0, t)×
(0, 1)×V, the two last ones on (0, t)×(0, 1)×(0, 2p) and adding them,
formally leads to the entropy inequality

F (f ln f+g ln g)(t, x, v) dx dv+
1
c
F
|cos h| < E

(I ln I−I)(t, x, h) dx dh

+F
t

0
F
t > 0

t(f ln f+g ln g)(s, 1, v) ds dv

+F
t

0
F
t < 0

|t| (f ln f+g ln g)(s, 0, v) ds dv

+
1
c
F
t

0
F
cos h > E

cos h(I ln I−(1+I) ln(1+I))(s, 1, h) dx dh

+
1
c
F
t

0
F
cos h < − E

|cos h| (I ln I−(1+I) ln(1+I))(s, 0, h) dx dh

+
1
c
F
t

0
F
cos h ¥ (0, E)

cos h(I ln I−I)(s, 1, h) dh ds

+
1
c
F
t

0
F
cos h ¥ (−E, 0)

|cos h| (I ln I−I)(s, 0, h) dh ds

+e(f, f)+e(g, g)+D1(f, g, I)+D2(f, g, I)

[
1
c
F
|cos h| > E

[(1+I) ln(1+I)−I ln I](t, x, h) dx dh

+F (fi ln fi+gi ln gi)(x, v) dx dv
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+
1
c
F
|cos h| > E

(Ii ln Ii −(1+Ii) ln(1+Ii))(x, h) dx dh

+
1
c
F
|cos h| < E

(Ii ln Ii −Ii)(x, h) dx dh

+F
t

0

1F
t > 0

t(f0 ln f0+g0 ln g0)(s, v) dv

+F
t < 0

|t| (f1 ln f1+g1 ln g1)(s, v) dv2 ds.

Here, > (f ln f+g ln g)(t, x, v) dx dv and 1
c > [(1+I) ln(1+I)−I ln I]×

(t, x, h) dx dh are the entropies at time t of the gas molecules and the light
respectively. Moreover, e(f, f), e(g, g), D1(f, g, I) and D2(f, g, I) are the
nonnegative entropy production terms defined by

e(f, f) :=F S(fŒf −g −ffg) ln
fŒf −g
ffg

ds dx dv dvg dw,

D1(f, g, I) :=F
|cos h| > E

((1+I) g−If) ln
(1+I) g

If
ds dx dv dh,

D2(f, g, I) :=F
|cos h| < E

(g−If) ln
g
If

ds dx dv dh.

Then,

F
t

0

1F
t > 0, f [ 1

tf |ln f| (s, 1, v) dv+F
t > 0, g [ 1

tg |ln g| (s, 1, v) dv2 ds

+F
t

0

1F
t < 0, f [ 1

|t| f |ln f| (s, 0, v) dv+F
t < 0, g [ 1

|t| g |ln g| (s, 0, v) dv2 ds

[ ce−1,

since the volume of integration is bounded. Moreover,

1
c
F
t

0
F
cos h ¥ (0, E), I [ e

cos h |I ln I−I| (s, 1, h) ds dh

+
1
c
F
t

0
F
cos h ¥ (−E, 0), I [ e

|cos h| |I ln I−I| (s, 0, h) ds dh [ c.
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Then, for some c > 0 and Ic > 0,

(1+I) ln(1+I)−I ln I−cI [ 0, I \ Ic.

Hence,

F
|cos h| > E

[(1+I) ln(1+I)−I ln I](t, x, h) dx dh

[ c1 F
I \ Ic

I(t, x, h) dx dh+c2[(1+Ic) ln(1+Ic)−Ic ln Ic] [ ci,

by (1.13). Hence

F (f ln f+g ln g)(t, x, v) dx dv+F
|cos h| < E

I ln I(t, x, h) [ ci. (1.14)

From (1.13)–(1.14), it classically holds that

F [f(1+|ln f|)+g(1+|ln g|)](t, x, v) dx dv

+F I(t, x, h) dx dh+F
|cos h| < E

I |ln I| (t, x, h) < ci. (1.15)

Sketch of the Proof of Theorem 1.1. Approximations that are
bounded in the time and space variables are first derived in Section 2.
Mass, energy and entropy bounds of the type of the previous a priori
bounds are stated for these approximations. They provide L1 weak com-
pactness for the gas distribution functions, together with compactness in
the weak f topology of measures for the photons distribution function.
This is not sufficient neither to pass to the limit in the nonlinear terms, nor
to be in the frame of application of the averaging lemma for the gas distri-
bution functions. Some supplementary work is also required in order
to take into account the difference of characteristics for the gas, i.e.,
(t, x+tt, v) from characteristics for photons, i.e., (t, x+ct cos h, h). This is
done in Lemma 2.2 and is crucial for the whole proof. It provides weak
L1((0, T)×(0, 1)×{|cos h| < E}) compactness of a subsequence of photons
distribution approximations, as well as a frame of application of the
averaging lemma for the gas distribution approximations. The passage to
the limit is finally performed in Section 3, in the frame of the iterated
integral formulation of solutions to the problem.
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Remark. When explicitly expressing I from (1.7)–(1.9), the Dirac
measure dh=0 is applied to the function

e > tt− x
c cos h

(G−F)(s, x+(s−t) c cos h) ds,

which is continuous at h=0. (The term c cos h means the product of the
speed of light c by cos h). Indeed, for |cos h| > E and v ¥ V, |c cos h−t| > E

2 c
and

F
t

t− x
c cos h

(G−F)(s, x+(s−t) c cos h) ds

=F
V
F
Dh, v

(g−f)Ä 1y−x+tc cos h

c cos h−t
, y, v2 dy dv

|c cos h−t|
,

where

Dh, v :=3y ¥ (0, 1);
y−x+tc cos h

c cos h−t
¥ 1 t− x

c cos h
, t24 .

This function is continuous at h=0, by the continuity in time of fÄ and gÄ

proven in Lemma 2.4 and the bounds

F supess
t < T

fÄ(t, x, v) dx dv < ci and F supess
t < T

gÄ(t, x, v) dx dv < ci,

proven in Lemma 2.2. Analogously, the Dirac measure dh=p can be applied
to the function

e > tt+ 1−x
c cos h

(G−F)(s, x+(s−t) c cos h) ds,

which is continuous at h=p.

2. APPROXIMATIONS

Let n be a fixed integer bigger than 2. In this section, a solution

(f, g, I) ¥ C+([0, T], L.((0, 1)×V))×C+([0, T], L.((0, 1)×V))

×L.((0, T)×(0, 1), M[0, 2p])
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to the following system will be determined,

ft+tfx=
g

1+g
n

12p+F
|cos h| > E

I dh2− f

1+f
n

F I dh

+F S 1 fŒ
1+fŒ

n

f −g
1+fŒg

n

−f
fg

1+fg
n

2 dvg dw, (2.1)

gt+tgx=−
g

1+g
n

12p+F
|cos h| > E

I dh2+ f

1+f
n

F I dh

+F S 1 gŒ

1+gŒ
n

g −g
1+gŒg

n

−g
gg

1+gg
n

2 dvg dw, (2.2)

1
c
It+cos hIx=(1+I) F

g
1+g

n

dv−I F
f

1+f
n

dv, |cos h| > E, (2.3)

1
c
It+cos hIx=F

g
1+g

n

dv−I F
f

1+f
n

dv, |cos h| < E, (2.4)

together with the initial conditions

f(0, x, v)=fi Nn, g(0, x, v)=gi Nn, (2.5)

I(0, x, h)=Ii Nn, (2.6)

and the boundary conditions

f(t, 0, v)=f0(t, v)Nn, t > 0, f(t, 1, v)=f1(t, v)Nn, t < 0,

g(t, 0, v)=g0(t, v)Nn, t > 0, g(t, 1, v)=g1(t, v)Nn, t < 0,
(2.7)

I(t, 0, h)=I0dh=0, cos h > 0, I(t, 1, h)=I1dh=p, cos h < 0.
(2.8)

Let p \ n be given. Let (f j, g j, I j)j ¥N be defined by f0=g0=0, I0=0 and

f j+1
t +tf j+1

x =
g j

1+g j

n

12p+F
|cos h| > E

I j dh2− f j+1

1+fj

n

F I j dh

+F S 1 f jŒ

1+fjŒ

n

f jŒ
g

1+fjŒ
g
n

−f j+1 f j
g

1+fj
g
n

2 dvg dw, (2.9)
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g j+1
t +tg j+1

x =−
g j+1

1+g j

n

12p+F
|cos h| > E

I j dh2+ f j

1+fj

n

F I j dh

+F S 1 g jŒ

1+gjŒ

n

g jŒ
g

1+g jŒ
g
n

−g j+1 g j
g

1+g j
g
n

2 dvg dw, (2.10)

1
c
I j+1
t +cos hI j+1

x =(1+I j+1) F
g j

1+g j

n

dv−I j+1 F
f j

1+fj

n

dv, |cos h| > E,
(2.11)

1
c
I j+1
t +cos hI j+1

x =F
g j

1+g j

n

dv−I j+1 F
f j

1+fj

n

dv, |cos h| < E, (2.12)

together with the initial conditions (2.5)–(2.6) and the boundary conditions
(2.7)–(2.8). The sequence (f j, g j, > I j dh) can be explicitly defined, is non
negative as well as I j, and bounded by (n3en

2
, n3en

2
, n2en

2
) for n large

enough. Hence, ( fj

1+fj
n

) and ((“t+t“x)
fj

1+fj
n

) are weakly compact in L1. And

so, by the averaging lemma, (10) (> fj

1+fj
n

dv), and analogously (> g j

1+gj

n

dv), are

strongly compact in L1. Consequently, the passage to the limit in
(2.9)–(2.12) is possible, and (fn, gn, In) :=limjQ+.(f j, g j, I j) satisfies the
system (2.1)–(2.8).

Lemma 2.1. The solution (fn, gn, In) to (2.1)–(2.8) satisfies

F [fn(|ln fn|+1)+gn(|ln gn|+1)](t, x, v) dx dv

+F
t

0
F
t > 0

t(fn(|ln fn|+1)+gn(|ln gn|+1))(s, 1, v) ds dv

+F
t

0
F
t < 0

|t| (fn(|ln fn|+1)+gn(|ln gn|+1))(s, 0, v) ds dv

+F In(t, x, h) dx dh+F
|cos h| < E

In |ln In| (t, x, h) dx dh

+ẽ(fn, fn)+ẽ(gn, gn)

+D̃1(fn, gn, In)+D̃2(fn, gn, In) < c, t ¥ (0, T), (2.13)
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where

ẽ(f, f) :=F S 1 fŒ
1+fŒ

n

f −g
1+fŒg

n

−
f

1+f
n

fg

1+fg
n

2

× ln

fŒ

1+fŒ
n

f −g
1+fŒg

n

f

1+f
n

fg

1+fg
n

ds dx dv dvg dw,

D̃1(f, g, I) :=F
|cos h| > E

5(1+I)
g

1+g
n

−I
f

1+f
n

6 ln
(1+I)

g
1+g

n

I
f

1+f
n

ds dx dv dh,

D̃2(f, g, I) :=F
|cos h| < E

5 g
1+g

n

−I
f

1+f
n

6 ln
g

1+g
n

I
f

1+f
n

ds dx dv dh.

Proof of Lemma 2.1. Multiplying (2.1) by E1, (2.2) by E2, integrat-
ing the sum over (0, t)×(0, 1)×V, adding it to (2.3) integrated over
(0, t)×(0, 1)×{|cos h| > E}, then to (2.4) integrated over (0, t)×(0, 1)×
{|cos h| < E}, and using that E2 −E1=hn=1 leads to

F (fn+gn)(t, x, v) dx dv+
1
c
F In(t, x, h) dx dh

+F
t

0
F
t > 0

t(fn+gn)(s, 1, v) ds dv

+F
t

0
F
t < 0

|t| (fn+gn)(s, 0, v) ds dv

+F
t

0
F
cos h > 0

cos hIn(s, 1, h) dh ds+F
t

0
F
cos h < 0

|cos h| In(s, 0, h) dh ds

[ ci. (2.14)

Moreover, multiplying (2.1) by ln fn

1+fn
n

, (2.2) by ln gn

1+gn
n

, (2.3) by ln In

1+In ,

(2.4) by ln(In), integrating the two first over (0, t)×(0, 1)×V, the third on
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(0, t)×(0, 1)×{|cos h| > E}, the last on (0, t)×(0, 1)×{|cos h| < E}, adding
them and using (2.18) and (1.13), leads to

F 5fn ln fn−n 11+fn

n
2 ln 11+fn

n
2

+gn ln gn−n 11+gn

n
2 ln 11+gn

n
26(t, x, v) dx dv

+F
t

0
F
t > 0

t 5fn ln fn−n 11+fn

n
2 ln 11+fn

n
2

+gn ln gn−n 11+gn

n
2 ln 11+gn

n
26(s, 1, v) ds dv

+F
t

0
F
t < 0

|t| 5fn ln fn−n 11+fn

n
2 ln 11+fn

n
2

+gn ln gn−n 11+gn

n
2 ln 11+gn

n
26(s, 0, v) ds dv

+
1
c
F
|cos h| < E

In ln In(t, x, h) dx dh

+ẽ(fn, fn)+ẽ(gn, gn)+D̃1(fn, gn, In)+D̃2(fn, gn, In)

[ ci+F
fn

1+fn/n
[ 1

S
(fn)2

n(1+fn

n )
fn

g
: ln fn

1+fn

n

:+F
gn

1+gn/n
[ 1

S
(gn)2

n(1+gn

n )
gn
g
: ln gn

1+gn

n

: .

Then,

F
fn

1+fn/n
< 1

S
(fn)2

n(1+fn

n )(1+
fn
g
n )
: ln fn

1+fn

n

: [ ci F Sfn [ cj.

Analogously,

F
gn

1+gn/n
< 1

S
(gn)2

n(1+gn

n )(1+
gng
n )
: ln gn

1+gn

n

: [ cj.

Then,

9
10

t ln t−n 11+t
n
2 ln 11+t

n
2 \ 0, n > 100, t ¥ (100, n3).
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Adding (2.1) and (2.2) leads to fn+gn ¥ [0, n3], hence fn ¥ [0, n3],
gn ¥ [0, n3], for n large enough. Hence,

1
10

F (fn ln fn+gn ln gn)(t, x, v) dx dv

+
1
10

F
t

0
F
t > 0

t(fn ln fn+gn ln gn)(s, 1, v) ds dv

+
1
10

F
t

0
F
t < 0

|t| (fn ln fn+gn ln gn)(s, 0, v) ds dv

+
1
c
F
|cos h| < E

In ln In(t, x, h) dx dh

+ẽ(fn, fn)+ẽ(gn, gn)+D̃1(fn, gn, In)+D̃2(fn, gn, In) [ ci.

Lemma 2.2.

F supess
t < T

(fn+gn)Ä (t, x, v) dx dv < ci. (2.15)

Proof of Lemma 2.2. The proof follows the lines of ref. 11. By
Lemma 2.1, for d > 0,

sup
|M| < d

F
M
fn(t, x, v) dx dv, sup

|M| < d
F
M
gn(t, x, v) dx dv,

F
d

0

1F
t > 0

tfn(s, 1, v) dv+F
t < 0

|t| fn(s, 0, v) dv2 ds and

F
d

0

1F
t > 0

tgn(s, 1, v) dv+F
t < 0

|t| gn(s, 0, v) dv2 ds,

are o(1) in d, uniformly with respect to n. Choose d0 > 0 such that

sup
|M| < d0

F
M
(fn+gn)(t, x, v) dx dv <

2
25c0

, and

F
d0

0

1F
t > 0

t(fn+gn)(s, 1, v) dv+F
t < 0

|t| (fn+gn)(s, 0, v) dv [
2

25c0
,

(2.16)
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where c0=2p2 sup(v, vg, w)
S(v, vg, w)
|t−tg |

. Notice that d0 only depends on the initial
data and the given indata. Let TŒ=min{T, d0,

6d0
pE4c4

}. Let us prove that

F supess
t < TŒ

(fn+gn)Ä (t, x, v) dx dv [ ci. (2.17)

Since TŒ only depends on T, the initial data and the given indata, it will
then be possible to extend the result to [TŒ, 2TŒ],..., [(k−1) TŒ, kTŒ],
[kTŒ, T], where k=E( T

T −), i.e., to [0, T]. Adding Eqs. (2.1) and (2.2) leads
to

(fn+gn)ÄŒ=F S 1 fnŒ

1+fnŒ

n

fnŒ
g

1+fnŒ
g
n

−fn fn
g

1+fn
g
n

2 dvg dw

+F S 1 gnŒ

1+gnŒ
n

gnŒ
g

1+gnŒg
n

−gn gn
g

1+gng
n

2 dvg dw.

Since fn and gn are bounded on (0, T)×(0, 1)×V by n3 for n large
enough, let Tn be the largest time smaller than TŒ such that

sup
x ¥ (0, 1)

3 sup
t > 0

F
Tn N

1−x
t

−x
t
K0

F (fn+gn)Ä (s, x+s(t−tg), vg) |t−tg | dvg dw ds,

sup
t < 0

F
Tn N − x

t

1−x
t

K0
F (fn+gn)Ä (s, x+s(t−tg), vg) |t−tg | dvg dw ds4 [ 1

2c0
.

(2.18)

Then, for t > 0 and t ¥ (− x
t
K0, Tn N 1−x

t
)

(fn+gn)Ä (t, x, v)

[ (fn+gn)1−x
t
K0, x, v2

+F
Tn N

1−x
t

−x
t
K0

F S 1 fnŒ

1+fnŒ

n

fnŒ
g

1+fnŒ
g
n

+
gnŒ

1+gnŒ

n

gnŒ
g

1+gnŒg
n

2Ä

=(fn+gn)Ä 1Tn N
1−x

t
, x, v2+F

Tn N
1−x
t

−x
t
K0

F S 1fn fn
g

1+fn
g
n

+gn gn
g

1+gng
n

2Ä dvg dw
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[ (fn+gn)Ä 1Tn N
1−x

t
, x, v2

+F
Tn N

1−x
t

−x
t
K0

F S[fnÄ(s, x, v) fnÄ(s, x+s(t−tg), vg)

+gnÄ(s, x, v) gnÄ(s, x+s(t−tg), vg)] dvg dw.

Hence, for t > 0,

supess
t ¥ (−x

t
K0, Tn N

1−x
t

)

(fn+gn)Ä (t, x, v)

[ (fn+gn)Ä 1Tn N
1−x

t
, x, v2+ supess

t ¥ (−x
t
K0, Tn N

1−x
t

)

(fn+gn)Ä (t, x, v)

×F
Tn N

1−x
t

−x
t
K0

F S(fn+gn)Ä (s, x+s(t−tg), vg) dvg dw ds.

By the definition of Tn, it holds that, for t > 0,

supess
t ¥ (−x

t
K0, Tn N

1−x
t

)

(fn+gn)Ä (t, x, v) [ 2(fn+gn)Ä 1Tn N
1−x

t
, x, v2 . (2.19)

Analogously, for t < 0,

supess
t ¥ (1−x

t
K0, Tn N − x

t
)

(fn+gn)Ä (t, x, v) [ 2(fn+gn)Ä 1Tn N −
x
t
, x, v2 . (2.20)

Consider (x, v) such that t > 0. By the change of variables sQ y=
x+s(t−tg),

F
Tn N

1−x
t

−x
t
K0

F (fn+gn)Ä (s, x+s(t−tg), vg) |t−tg | dvg dw ds

[ F
(y, vg) ¥ D

supess
s ¥ (−x

t
K0, Tn N

1−x
t

)

(fn+gn)Ä (s, y, vg) dy dvg,

where D is a subset of (0, 1)×V of measure smaller than pTn E4c4

6 [ d0. Split-
ting D into
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3(y, vg) ¥ D; tg > 0, Tn [
1−y

tg

4 2 3(y, vg) ¥ D; tg > 0, Tn >
1−y

tg

4

2 3(y, vg) ¥ D; tg < 0, Tn [ −
y
tg

4 2 3(y, vg) ¥ D; tg < 0, Tn > −
y
tg

4 ,

and using (2.19)–(2.20) implies that

F
(y, vg) ¥ D

supess
s ¥ (−x

t
K0, Tn N

1−x
t

)

(fn+gn)Ä (s, y, vg) dy dvg

[ 2 F
D

(fn+gn)Ä (Tn, y, vg) dy dvg

+2 F
D; tg > 0, Tn >

1−y
t
*

(fn+gn)Ä 11−y
tg

, y, vg 2 dy dvg

+2 F
D; tg < 0, Tn > − y

t
*

(fn+gn)Ä 1− y
tg

, y, vg 2 dy dvg

[ 2 F
D

(fn+gn)Ä (Tn, y, vg) dy dvg

+2 F
tg > 0, Tn >

1−y
t
*

(fn+gn)11−y
tg

, 1, vg 2 dy dvg

+2 F
D; tg < 0, Tn > − y

t
*

(fn+gn)1− y
tg

, 0, vg 2 dy dvg

=2 F
D

(fn+gn)Ä (Tn, y, vg) dy dvg+2 F
Tn

0
F
tg > 0

tg(fn+gn)(y, 1, vg) dvg dy

+2 F
Tn

0
F
tg < 0

|tg | (fn+gn)(y, 0, vg) dvg dy [
12
25c0

,

by (2.16). And so, the right-hand side in (2.18) can be improved by replac-
ing 1

2 by
12
25 . This implies that Tn=TŒ. Consequently, the inequalities

(2.19)–(2.20) hold for Tn=TŒ. This ends the proof of Lemma 2.2.

Lemma 2.3. The sequence (In) is weakly compact in L1((0, T)×
(0, 1))×{|cos h| < E}. The sequences (Fn), (Gn), and (>|cos h| > E In dh) are
strongly compact in L1((0, T)×(0, 1)). Moreover, (>|cos h| > E In(t, x, h) dh) is
bounded in L.((0, T)×(0, 1)).
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By Lemma 2.1, (fn), (gn) and (In) are weakly compact in L1((0, T)
×(0, 1)×V), L1((0, T)×(0, 1)×V), and L1((0, T)×(0, 1)×{|cos h| < E})
respectively. Moreover,

F
|cos h| > E

In(t, x, h) dh

=c F
(Y×V)×{|cos h| > E}

gn

1+gn

n

Ä

(s, x−tc cos h+s(c cos h−t), v)

×ec >
t
s > ( gn

1+
gn
n

− fn

1+
fn
n

) Ä (s, x−tc cos h+s(c cos h−tg), vg) dvg ds ds dh dv

+F
|cos h| > E, x−tc cos h ¥ (0, 1)

Ii(x−tc cos h, h)

×ec >
t
0 > ( gn

1+
gn
n

− fn

1+
fn
n

) (s, x+(s−t) c cos h, v) ds dv dh

+I0H(ct−x) ec >
t
t−x > ( gn

1+
gn
n

− fn

1+
fn
n

) (s, x+(s−t) c, v) ds dv

+I1H(x+ct−1) ec >
t
x+t−1 > ( gn

1+
gn
n

− fn

1+
fn
n

) (s, x−(s−t) c, v) ds dv, (2.21)

where

Y :=3(s, h); (0 < s < t, x−tc cos h ¥ (0, 1))

2 (t−
x

c cos h
< s < t, x−tc cos h < 0)

2 (t+
1−x
c cos h

< s < t, x−tc cos h > 1)4 ,

and H is the Heavyside function. Performing the change of variables
sQ y :=x−tc cos h+s(c cos h−t) and s Q z :=x−tc cos h+s(c cos h−tg)
in the first term of the right-hand side, and noticing that, on (Y×V) 5
{|cos h| > E}, |c cos h−t| \ c E2 , leads to

F
(Y×V) 5 {|cos h| > E}

gnÄ(s, x−tc cos h+s(c cos h−t), v)

×ec >
t
s > (gn−fn)Ä (s, x−tc cos h+s(c cos h−tg), vg) dvg dsds dh dv

[
2
Ec

F
(0, 1)×V

|gn|T (y, v) e
2
Ec >(0, 1)×V |gn|T (z, vg) dvg dz dy dv [ ci,
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by Lemma 2.2. The other exponential terms in >|cos h| > E In(t, x, h) dh can be
treated analogously. Hence,

F
|cos h| > E

In(t, x, h) dh [ ci+cj F
|cos h| > E, x−tc cos h ¥ (0, 1)

Ii(x−tc cos h, h) dh.

It follows from the last assumption on Ii made in (1.12) that
(> |cos h| > E In(t, x, h) dh) is bounded from above, hence weakly compact in
L1((0, T)×(0, 1)). Moreover, for d > 0,

(“t+t“x)
1
d
ln(1+dfn)

=
gn

(1+dfn)(1+gn

n )
12p+F

|cos h| > E
In dh2− fn

(1+dfn)(1+fn

n )
F In dh

+
1

1+dfn F S
fnŒ

1+fnŒ

n

fnŒ
g

1+fnŒ
g
n

dvg dw−
fn

1+dfn F S
fn

g

1+fn
g
n

dvg dw.

First,

fn

(1+dfn)(1+fn

n )
F In dh+

fn

1+dfn F S
fn

g

1+fn
g
n

dvg dw

[
1
d
1F In dh+F Sfn

g dvg dw2

is weakly compact in L1. It follows from the weak L1 compactness of (fn)
and (gn) and the boundedness of >|cos h| > E In dh that

1 gn

1+dfn
12p+F

|cos h| > E
In dh22

is weakly compact in L1. Then, it classically follows from the weak com-
pactness of (fn) and the boundedness of ẽ(fn, fn), that

1 1
1+dfn F S

fnŒ

1+fnŒ

n

fnŒ
g

1+fnŒ
g
n

dvg dw2

is weakly compact in L1. Hence the sequence (Fn) is strongly compact
in L1((0, T)×(0, 1)). The same argument holds for proving that (Gn) is
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strongly compact in L1((0, T)×(0, 1)). Then (>|cos h| > E In(t, x, h) dh), as
written in (2.21), is strongly compact in L1, since (> gn

1+gn
n

dv) is strongly

compact in L1 and (t, h)Q > t0 (Fn+Gn)(s, x+(s−t) c cos h) ds is uniformly
bounded with respect to n, t, x and h such that |cos h| > E.

Lemma 2.4. The sequences (fn) and (gn) belong to C([0, T],
L1((0, 1)×V)).

Proof of Lemma 2.4. The temporal regularity of (fn) and (gn) is
proven as in ref. 12, by using the weak L1 compactness of (fn), (gn),

1 1
1+dfn
11F dh+F

|cos h| > E
In dh2 gn−fn F In dh+Q(fn, fn)22 ,

and

1 1
1+dgn
1−1F dh+F

|cos h| > E
In dh2 gn+fn F In dh+Q(gn, gn)22 .

3. THE PASSAGE TO THE LIMIT

Lemma 3.1. Let f, g and I be the weak limits in L1 of subsequences
of (fn), (gn) and (In) respectively. Then I satisfies the equations (1.5),
(1.7)–(1.9) in weak form.

Proof of Lemma 3.1. Let a test function m be given. It is straight-
forward that I satisfies (1.5), (1.7)–(1.8) in weak form, since up to a sub-
sequence, (>|cos h| > E mIn(t, x, h) dh) converges to >|cos h| > E mI(t, x, h) dh in L.

weak f, and (> fn

1+fn
n

dv) and (> gn

1+gn
n

dv) converge strongly in L1 to F and G.

Let us prove that I satisfies (1.5), (1.7) and (1.9) in weak form. Let a > 0
and a test function m be given. From

fn

1+fn

n

In [K
gn

1+gn

n

+
1
ln K
1 gn

1+gn

n

−In fn

1+fn

n

2 ln

gn

1+gn

n

Infn

1+fn

n

, K \ 2,

the weak L1 compactness of (gn) and the bound on D̃2(fn, gn, In) derived
in Lemma 2.1, it follows that ( fn

1+fn
n

In) is weakly compact in L1, so that
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there is b1 > 0 such that for any subset Z of (0, T)×(0, 1) such
that|Z| < b1,

F
Z×V×{|cos h| < E}

fn

1+fn

n

In <
a

|m|.
.

By the averaging lemma and Egoroff ’s theorem, for any c > 0 there is a set
Yc … (0, T)×(0, 1) such that |Yc | < c, F is bounded on Yc

c and (> fn

1+fn
n

dv)

converges to F when nQ+., uniformly with respect to (t, x) ¥ Yc
c. Hence,

>Yc
c×{|cos h| < E} FI [ c. Using a decreasing sequence (Ycn ) with limnQ+. cn=0,

implies that > FI [ c. And so, there is b2 ¥ (0, b1), such that for any subset
Z of (0, T)×(0, 1) with |Z| < b2,

F
Z×{|cos h| < E}

FI [
a

|m|.
.

Then,

:F 1 fn

1+fn

n

In−fI2 m dt dx dv dh :

[ F
Yc
b2

×V×{|cos h| < E}

:F 1 fn

1+fn

n

−f 2 dv : Inm dt dx dv dh

+F
Yc
b2

×{|cos h| < E}
Fm(In−I) dt dx dh

+F
Yb2 ×V×{|cos h| < E}

fn

1+fn

n

Inm dt dx dv dh+F
Yb2 ×{|cos h| < E}

FIm dt dx dh.

The first term in the right-hand side tends to 0 when nQ+., by the
uniform convergence with respect to (t, x) ¥ Yc

b2
of > ( fn

1+fn
n

−f) dv to 0

when nQ+.. The second term tends to 0 when nQ+., since F is
bounded on Yc

b2
and > (In−I) m dh tends to 0 weakly in L1. The third and

fourth terms are smaller than a, uniformly with respect to n. And so, the
passage to the limit when nQ+. in (2.4) can be performed. This ends the
proof of Lemma 3.1.

Lemma 3.2. Let r > 0 be given. There are a constant cr > 0 and a
subset Ar … (0, 1)×V such that |Ac

r | < r and

(f+g)Ä (t, x, v) [ cr, a.a. t ¥ (0, T), (x, v) ¥ Ar.
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Moreover, for any d > 0, there is a sequence (Yn, d) of subsets of (0, 1)×V
such that

meas{(t, x+tt, v), t ¥ (0, T), (x, v) ¥ Yc
n, d} < d,

and

(fn+gn)Ä (t, x, v) <
c
d
, a.a. t ¥ (0, T), (x, v) ¥ Yn, d.

Proof of Lemma 3.2. Adding (2.1) and (2.2) implies that

(fn+gn)t+t(fn+gn)x+(fn+gn) F S 1 fn
g

1+fn
g
n

+
gn
g

1+gng
n

2 dvg dw

\ (fn+gn)t+t(fn+gn)x+fn F S
fn

g

1+fn
g
n

dvg dw+gn F S
gn
g

1+gng
n

dvg dw \ 0.

Hence, for (t, x, v) such that (x, x+tt, x+Tt) ¥ (0, 1)3,

(fn+gn)Ä (t, x, v) [ (fn+gn)Ä (T, x, v) e >T0 > S(fn+gn)(s, x+st, vg) dvg dw ds.

By the averaging lemma,

(x, v)Q F
T

0
F S(fn+gn)(s, x+st, vg) dvg dw ds

is strongly compact in L1((0, 1)×V). Hence, it is bounded in L., uniformly
with respect to n, on the complementary A1

r of some subset of (0, 1)×V
with measure smaller than r2 . Consequently,

F
T

0
F S(fn+gn)(s, x+st, vg) dvg dw ds [ c1, a.a. (x, v) ¥ A1

r, (3.1)

and

(fn+gn)Ä (t, x, v) [ ec1(fn+gn)Ä (T, x, v), a.a. t ¥ (0, T), (x, v) ¥ A1
r.
(3.2)

And so,

(f+g)Ä (t, x, v) [ ec1(f+g)Ä (T, x, v), a.a. t ¥ (0, T), (x, v) ¥ A1
r.
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For some A2
r … (0, 1)×V with complementary of measure smaller than r2 ,

(f+g)Ä (T, x, v) [ c2, (x, v) ¥ A2
r.

Hence, for Ar=A1
r 5 A2

r, such that |A
c
r | [ r,

(f+g)Ä (t, x, v) [ c, a.a. t ¥ (0, T), (x, v) ¥ Ar.

The cases where x < 0, (x+tt, x+Tt) ¥ (0, 1)2 and x > 1, (x+tt, x+Tt)
¥ (0, 1)2 can be treated analogously. The cases where x+tt ¥ (0, 1),
x+Tt > 1 (resp. x+tt ¥ (0, 1), x+Tt < 0) can be treated with a compari-
son with the outgoing values of fÄ at the boundary point 1 (resp. 0). The
existence of the sequence of sets (Yn, d) stated in Lemma 3.2 follows from
(3.3) and the inequality

F (fn+gn)Ä (T, x, v) dx dv [ c, a.a. (x, v) s.t. x+tt ¥ (0, 1).

This ends the proof of Lemma 3.2. Denote by qn, d the characteristic func-
tion of the set of characteristics

{(t, x+tt, v); t ¥ (0, T), (x, v) ¥ Yn, d}.

Let r > 0 and d > 0 be fixed. The equations (2.1)–(2.2) satisfied by (fn, gn)
are first written in weak form for test functions qn, dj, i.e.,

F
(x, v); (x+tt, v) ¥ (0, 1)×V

(fnÄqÄn, dj)(t, x, v) dx dv

=F
(x, v); (x+tt, v) ¥ (0, 1)×V, t > 0

(fnÄqÄn, dj)10K −
x
t
, x, v2 dx dv

+F
t > 0

F
t

0K − x
t

fnÄqÄn, d
“j

“s

+F
(x, v); (x+tt, v) ¥ (0, 1)×V, t < 0

(fnÄqÄn, dj)10K
1−x

t
, x, v2 dx dv

+F
t < 0

F
t

0K 1−x
t

fnÄqÄn, d
“j

“s

+F
t > 0

F
t

0K − x
t

1 gn

1+gn

n

12p+F
|cos h| > E

In dh2
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−
fn

1+fn

n

F In dh+Qn(fn, fn)2
Ä

qÄn, dj

+F
t < 0

F
t

0K 1−x
t

1 gn

1+gn

n

12p+F
|cos h| > E

In dh2

−
fn

1+fn

n

F In dh+Qn(fn, fn)2
Ä

qÄn, dj,

and an analogous equation for gn. Here, Qn denotes the approximation of
the Boltzmann collision operator used in Section 2. Since limdQ 0 w×
limnQ+. fnqn, d=f, the limit of the first three lines when nQ+., then
d Q 0 is

F
(x, v); (x+tt, v) ¥ V

(fÄj)(t, x, v) dx dv,

F
(x, v); (x+tt, v) ¥ (0, 1)×V, t > 0

fÄj 10K −
x
t
, x, v2+F

t > 0
F
t

0K − x
t

fÄ
“j

“s
, and

F
(x, v); (x+tt, v) ¥ (0, 1)×V, t < 0

fÄj 10K1−x
t

, x, v2+F
t < 0

F
t

0K 1−x
t

fÄ
“j

“s
.

The passage to the limit in

F
{t > 0, 0K − x

t
< s < t} 2 {t < 0, 0K 1−x

t
< s < t}

1 gn

1+gn

n

12p+F In dh2− fn

1+fn

n

F In dh2
Ä

qÄn, dj

and in

F
{t > 0, 0K − x

t
< s < t} 2 {t < 0, 0K 1−x

t
< s < t}

Qn(fn, f)Ä qÄn, dj

are performed in Lemma 3.3, and in Lemmas 3.4–3.6 respectively.

Lemma 3.3. For any bounded function j, the sequence

1F
|cos h| < E

fn

1+fn

n

Ä

qÄn, dj(t, x, v) I
n(t, x+tt, h) dh dt dx dv2 ,

1 resp. 1F
|cos h| < E

gn

1+gn

n

Ä

qÄn, dj(t, x, v) I
n(t, x+tt, h) dh dt dx dv2 ,
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1F
|cos h| > E

fn

1+fn

n

Ä

qÄn, dj(t, x, v) I
n(t, x+tt, h) dh dt dx dv2 ,

1F
|cos h| > E

gn

1+gn

n

Ä

qÄn, dj(t, x, v) I
n(t, x+tt, h) dh dt dx dv22 tends to

F
|cos h| < E

fÄj(t, x, v) I(t, x+tt, h) dh dt dx dv,

1 resp. F
|cos h| < E

gÄj(t, x, v) I(t, x+tt, h) dh dt dx dv,

F
|cos h| > E

fÄj(t, x, v) I(t, x+tt, h) dh dt dx dv,

F
|cos h| > E

gÄj(t, x, v) I(t, x+tt, h) dh dt dx dv2

when n tends to infinity.

Proof of Lemma 3.3. The proof of the first statement of the lemma
is similar to the last part of the proof of Lemma 3.1, after noticing that for
d > 0 fixed, the averaging lemma applies to fn

1+fn
n

qn, d. Indeed, (
fn

1+fn
n

), and

(“t+t“x)
fn

1+fn

n

qn, d=
qn, d

(1+fn

n )
2
1 gn

1+gn

n

12p+F
|cos h| > E

In dh2

−
fn

1+fn

n

F In dh+Qn(fn, fn))

are weakly compact in L1. The proof of

lim
dQ 0

lim
nQ+.

F
|cos h| > E

1 fn

1+fn

n

qn, d
2Ä j(t, x, v) In(t, x+tt, h) dt dx dv dh

=F
|cos h| > E

fÄj(t, x, v) I(t, x+tt, h) dt dx dv dh

then follows from the weak f convergence in L. of >|cos h| > E In(t, x+tt) dh

to >|cos h| > E I(t, x+tt) dh when nQ+..
The passage to the limit when nQ+., then d Q 0 will now be per-

formed in the Boltzmann collision operators. Let r > 0 be given. Test
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functions with support outside of (0, T)×Ar will first be considered,
following the lines of the proof of the passage to the limit in ref. 9. Then
this restriction on the support of the test function will be removed.

Lemma 3.4. Let r > 0 be given. For any test function j defined in
Definition 1.1 and such that j vanishes on (0, T)×Ac

r,

lim
dQ 0

lim
nQ+.

F S(fnqn, d)Ä j(t, x, v)
fn

1+fn

n

(t, x+tt, vg) dvg dw dt dx dv

=F S(fÄj)(t, x, v) f(t, x+tt, vg) dvg dw dt dx dv.

Proof of Lemma 3.4. Denote by gd=w limnQ+. fnqn, d in L1. For
d > 0 fixed, let us first prove that

lim
nQ+.

F S(fnqn, d)Ä j(t, x, v)
fn

1+fn

n

(t, x+tt, vg) dt dx dv dvg

=F SgÄdj(t, x, v) f(t, x+tt, vg) dt dx dv dvg.

Then

lim
dQ 0

F S(gÄdj)(t, x, v) f(t, x+tt, vg) dt dx dv dvg

=F S(fÄj)(t, x, v) f(t, x+tt, vg) dt dx dv dvg,

since the family (gd) increasingly converges to f in L1, and

(gÄdj)(t, x, v) f(t, x+tt, vg) [ (fÄj)(t, x, v) f(t, x+tt, vg),

which is integrable, since fÄj is bounded.

:F Sj(fnqn, d)Ä
fn

1+fn

n

(t, x+tt, vg)−gÄdf(t, x+tt, vg)) dvg dw dt dx dv :

[ An+Bn+Cn,
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where

An=:F j(t, x, v)(fnqn, d−gd)Ä (t, x, v) S
fn

1+fn

n

(t, x+tt, vg) dvg dw dt dx dv :,

Bn=:F gÄdjS(fn−f)(t, x+tt, vg) dvg dw dt dx dv : ,

Cn=F gÄdjS
(fn)2

n(1+fn

n )
(t, x+tt, vg) dvg dw dt dx dv.

Then, An tends to zero when n tends to infinity, since j(fnqn, d−gd)Ä con-
verges to zero in L. weak f and (> S fn

1+fn
n

(t, x+tt, vg) dvg dw) converges

strongly in L1 on the support of j. Moreover, limnQ+. Bn=0, since gÄdj is
bounded and (> S(fn−f)(t, x+tt, vg) dvg dw) tends to zero in L1((0, T)×
(0, 1)×V) by the averaging lemma. Finally,

Cn [ c F S
(fn)2

n(1+fn

n )
(t, x+tt, vg) dvg dw dt dx dv

=c F
fn(t, x+tt, vg) < L

S
(fn)2

n(1+fn

n )
(t, x+tt, vg) dvg dw dt dx dv

+c F
fn(t, x+tt, vg) > L

S
(fn)2

n(1+fn

n )
(t, x+tt, vg) dvg dw dt dx dv

[ c
L
n
+c F

fn(t, x+tt, vg) > L
fn(t, x+tt, vg) dvg dt dx dv,

which tends to zero when nQ+., by first choosing L large enough so
that >fn(t, x+tt, vg) > L fn(t, x+tt, vg) dvg dt dx dv be small uniformly with
respect to n, then n large enough.

Denote by

Q+
n (f

n, fn)(t, x, v)=F S
fn

1+fn

n

(t, x, vŒ)
fn

1+fn

n

(t, x, v −g) dvg dw.

Lemma 3.5. Let r > 0 be given. For any test function j defined in
Definition 1.1 and such that j vanishes on (0, T)×Ac

r,

lim
dQ 0

lim
nQ+.

F Q+
n (f

n, fn)Ä qÄn, dj(t, x, v) dt dx dv

\ F Q+(f, f)Ä j(t, x, v) dvg dw dt dx dv.
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Proof of Lemma 3.5.

F Q+
n (f

n, fn)Ä qÄn, dj dt dx dv

=F Sqn, d(t, X, vŒ) j(t, X−ttŒ, vŒ)
fn

1+fn

n

(t, X, v)

×
fn

1+fn

n

(t, X, vg) dt dX dv dvg dw

\ F Sqn, d(t, X, vŒ) j(t, X−ttŒ, vŒ)1 fn

1+fn

n

qn, d
1
3
2(t, X, v)

×1 fn

1+fn

n

qn, d
1
3
2(t, X, vg) dt dX dv dvg dw

=F S(1−qn, d(t, X, vŒ)) j(t, X−ttŒ, vŒ)1 fn

1+fn

n

qn, d
1
3
2(t, X, v)

×1 fn

1+fn

n

qn, d
1
3
2(t, X, vg) dt dX dv dvg dw

+F Sj(t, X−ttŒ, vŒ)1 fn

1+fn

n

qn, d
1
3
2(t, X, v)

×1 fn

1+fn

n

qn, d
1
3
2(t, X, vg) dt dX dv dvg dw.

Then,

F S(1−qn, d(t, X, vŒ)) j(t, X−ttŒ, vŒ)1 fn

1+fn

n

qn, d
1
3
2(t, X, v)

×1 fn

1+fn

n

qn, d
1
3
2(t, X, vg) dt dX dv dvg dw

[
c

d
2
3

F (1−qn, d(t, X, vŒ)) dt dX dv dvg dw [ cd
1
3.

618 Nouri



Moreover, analogously to the proof of Lemma 3.4,

lim
nQ+.

F Sj(t, X−ttŒ, vŒ)1 fn

1+fn

n

qn, d
1
3
2(t, X, v)

×1 fn

1+fn

n

qn, d
1
3
2(t, X, vg) dt dX dv dvg dw

=F Sj(t, X−ttŒ, vŒ) gd(t, X, v) gd(t, X, vg) dt dX dv dvg dw,

which tends to

F Sj(t, X−ttŒ, vŒ) f(t, X, v) f(t, X, vg) dt dX dv dvg dw

=F Q+(f, f)Ä j(t, x, v) dt dx dv,

when d tends to 0.

Lemma 3.6.

lim
dQ 0

lim
nQ+.

F Q+
n (f

n, fn)Ä qÄn, dj dt dx dv [ F Q+(f, f)Ä j dt dx dv.

Proof of Lemma 3.6. Let g > 0 be given. It follows from the
averaging lemma that there is a subset Xg of (0, T)×(0, 1)×V, with
|Xc
g | < g, such that

F S(fn−f)(t, X, vg) j(t, X−ttŒ, vŒ) dvg dw Q 0 when nQ+.,
(3.3)

uniformly with respect to (t, X, v) ¥Xg, and

F Sf(t, X, vg) j(t, X−ttŒ, vŒ) dvg dw is bounded in Xg. (3.4)
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Then,

F Q+
n (f

n, fn)Ä qÄn, dj dt dx dv

[ F Sfn(t, X, vŒ) fn(t, X, v −g) qn, d(t, X, v) j(t, X−tt, v) dt dX dv dvg dw

[ F
(t, X, v, vg, w); (t, X, vŒ) ¥Xg

Sfn(t, X, vŒ) fn(t, X, v −g)

×j(t, X−tt, v) dt dX dv dvg dw

+F
(t, X, v, vg, w); (t, X, vŒ) ¥Xc

g

Sfn(t, X, vŒ) fn(t, X, v −g) qn, d(t, X, v)

×j(t, X−tt, v) dt dX dv dvg dw

=F
(t, X, v, vg, w); (t, X, v) ¥Xg

Sfn(t, X, v) fn(t, X, vg)

×j(t, X−ttŒ, vŒ) dt dX dv dvg dw

+F
(t, X, v, vg, w); (t, X, vŒ) ¥Xc

g

Sfn(t, X, vŒ) fn(t, X, v −g) qn, d(t, X, v)

×j(t, X−tt, v) dt dX dv dvg dw.

By (3.3)–(3.4), analogously to the proof of Lemma 3.4,

lim
nQ+.

F
(t, X, v, vg, w); (t, X, v) ¥Xg

Sfn(t, X, v) fn(t, X, vg)

×j(t, X−ttŒ, vŒ) dt dX dv dvg dw

=F
Xg

Sf(t, X, v) f(t, X, vg) j(t, X−ttŒ, vŒ) dt dX dv dvg dw.

Moreover, for j \ 2,

F
(t, X, v, vg, w); (t, X, vŒ) ¥Xc

g

Sfn(t, X, vŒ) fn(t, X, v −g) qn, d(t, X, v)

×j(t, X−tt, v) dt dX dv dvg dw
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[ j F
(t, X, v, vg, w); (t, X, vŒ) ¥Xc

g

S(fnqn, d)(t, X, v) fn(t, X, vg)

×j(t, X−tt, v) dt dX dv dvg dw+
c
ln j

[
cj
d
F
(t, X, v, vg, w); (t, X, vŒ) ¥Xc

g

Sfn(t, X, vg) dt dX dv dvg dw+
c
ln j

[
cj
d
o(g)+

c
ln j

.

And so, Lemma 3.6 holds since, given Ẽ > 0, one can choose j big enough,
then o(g) [ dẼ

2cj , finally d small enough, so that cj
d
o(g)+ c

ln j [ Ẽ holds.

End of the Passage to the Limit. It remains to pass to the limit
when r tends to zero. Let j be a test function as defined in Definition 1.1.
Let t ¥ (0, T) be given and

Er=3(x, v) ¥ Ar; t > 0 and F
tN 1−x

t

0K − x
t

Q(f, f)Ä j(s, x, v) ds \ 04

2 3(x, v) ¥ Ar; t < 0 and F
tN − x

t

0K 1−x
t

Q(f, f)Ä (s, x, v) ds \ 04 .

Then the iterated form enounced in Definition 1.1 holds for fjq(0, T)×Er , so
that

F
(x, v); (x+tt, v) ¥ (0, 1)×V, t > 0

qEr (x, v)1F
t

0K − x
t

hÄ(s, x, v) ds2 dx dv

+F
(x, v); (x+tt, v) ¥ (0, 1)×V, t < 0

qEr (x, v)1F
t

0N 1−x
t

hÄ(s, x, v) ds2 dx dv

=−F
(x, v); (x+tt, v) ¥ (0, 1)×V, t > 0

(fjqEr )
Ä 10K −

x
t
, x, v2 dx dv

−F
(x, v); (x+tt, v) ¥ (0, 1)×V, t < 0

(fjqEr )
Ä 10K1−x

t
, x, v2 dx dv

−F
(x, v); (x+tt, v) ¥ (0, 1)×V, t > 0

F
t

0K − x
t

1fqEr

“j

“s
+2pgqErj
2Ä (s, x, v) ds dx dv

−F
(x, v); (x+tt, v) ¥ (0, 1)×V, t < 0

F
t

0N 1−x
t

1fqEr

“j

“s
+2pgqErj
2Ä (s, x, v) ds dx dv.

(3.5)
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The left-hand side of (3.6) is non negative by definition of Er, increasing
when r decreases to zero, and equal to the right-hand side that has a limit
when r tends to zero. And so, the iterated form holds for jqE, where

E=3(x, v); t > 0 and F
tN 1−x

t

0K − x
t

hÄ(s, x, v) ds \ 04

2 3(x, v); t < 0 and F
tN − x

t

0K 1−x
t

hÄ(s, x, v) ds \ 04 .

The same argument can be used for jqEc. And so, the iterated form holds
for fj(qE+qEc)=fj. Analogously, the iterated form holds for gk, where
k is a test function for g as defined in Definition 1.1. This ends the proof of
Theorem 1.1.
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